The author introduces a new method for the exchange commutator integrals in explicitly correlated Møller-Plesset second order perturbation theory. The method is well suited with an analytic Slater-type geminal correlation factor. He also explains the scheme for auxiliary integrals needed for the correlation factor. Based on different Ansätze, he analyzes the performance of the method on correlation energies and reaction enthalpies in detail.
I. INTRODUCTION
Most of the standard correlated methods in ab initio electronic structure theory converge very slowly as ͑L max +1͒ −3 with the maximum angular momentum of oneelectronic basis L max . This is due to the inability of describing the cusps at coalescence in the exact wave function [1] [2] [3] in terms of the products of one-particle basis functions. Ever since it was found that the inclusion of a linear-r 12 term accelerates the convergence of a configuration interaction ͑CI͒ expansion substantially, 4 the use of basis functions explicitly dependent on the interelectronic distance has drawn a considerable attention in quantum chemistry. The explicitly correlated Gaussian-type functions introduced by Boys 5 and Singer 6 have been plugged into many-electron theories feasibly as Gaussian-type geminals ͑GTG͒. [7] [8] [9] These methods, however, require at least three-electron integrals and the applicability is limited to small molecules.
The R12 methods were introduced to overcome these difficulties. 10, 11 The use of a linear-r 12 basis ensures the convergence in ͑L max +1͒ −7 . 10, 11 More importantly, the resolution of the identity ͑RI͒ side-steps the calculation of manyelectron integrals explicitly by expanding a many-electron integral into a sum of products of two-electron integrals. 11 These features have made it possible to obtain accurate energies at reasonable computational costs. A large basis set must be employed to ensure the accuracy of the RI approximation. Nevertheless, Klopper and Samson introduced auxiliary basis set 12 ͑ABS͒ to enable us to use standard orbital basis sets such as Duning's correlation consistent series. [13] [14] [15] Recent works have been focused on improving the performance and accuracy through the density fitting ͑DF͒, 16 a hybrid RI and ABS approach, 17 and better RI approximations using the combined DF/RI method 18 and complementary ABS. 19 It has been shown that the alternative method using a numerical quadrature 20 ͑QD͒ improves both of the aspects simultaneously.
More recently, we proposed the use of a Slater-type geminal ͑STG͒ correlation factor 21 exp͑−r 12 ͒ in explicitly correlated theory in place of linear r 12 or GTG. It turned out that the exponential factor leads to excellent results. Right after, other authors have reported confident results that STG outperforms other correlation factors 22 and the main source of the error in explicitly correlated methods is the choice of the correlation factor. 23 The STG correlation factor has been employed successfully in various applications of the Møller-Plesset second order perturbation theory ͑MP2͒-F12 methods [24] [25] [26] that use a factor other than linear r 12 . The exponential correlation factor is also supported by a rather recent mathematical study of Fournais et al. 27 Readers can refer to an overview of the current status of the field in the recent review article. 28 The main purpose of this paper is twofold. The first one is to develop an efficient method based on QD to compute the exchange commutator integrals needed in the MP2-F12/B methods. These objects are of four-electron integrals. The second purpose is to improve the efficiency of the computation of STG integrals. In what follows, we present necessary formulas. Numerical results involving reaction enthalpies are presented in Sec. III.
II. THEORY

A. MP2-F12 formulation with cusp conditions
Henceforward, we denote orthonormalized occupied, virtual, and general orbitals in a given basis set as ij..., ab..., and pq. . ., respectively. The exact wave function obeys the sand p-wave cusp conditions for singlet and triplet pairs, respectively. [1] [2] [3] In our MP2-F12 methods using the cusp conditions explicitly, the singlet ͑s =0͒ and triplet ͑s =0͒ spinless parts of the pair functions are
with the projection operator onto the occupied orbitals,
and the symmetrized and antisymmetrized orbital products are
The use of the projector ͓Eq. ͑3͔͒ is labeled as Ansatz 2 to be distinguished from Ansatz 1 with the projector onto the given orbitals,
instead of Ô n that has been conveniently employed in conjunction with RI. Nowadays the main current rests on the methods beyond the standard approximation and Ansatz 1 is less accurate. Thus the classification is just a historical meaning, 28 and we use Ansatz 2 without labeling our methods. In this work, we use a STG correlation factor,
with a length scale parameter r c . It is possible to fit a linear combination of GTG with STG, [21] [22] [23] yet the analytical treatment is more efficient as shown later. The dependency of the coefficient on s in ij ͑s͒ can be removed in terms of the rational generator with a permutation operator. 20 This feature is particularly important for the treatment of multireference wave functions in an internally contracted manner. 29 The second order energy is
where e ij ͑s͒ are the usual pair energies,
and d ij ͑s͒ are contributions from the correlation factor,
The constituting elements are 
͑23͒
The accuracy of Eq. ͑2͒ at finite r 12 is partially indicated by the measure,
which gives the optimum energy within the framework of the diagonal ͑IJIJ͒ Ansatz as of SP that ensures the elimination of the singularity of the perturbation at coalescence explicitly both for the singlet and triplet pairs. [1] [2] [3] Because of the numbers of amplitudes regarding F12, correlation energy is in the order, IJKL Ͻ IJIJ Ͻ SP. The IJIJ and IJKL Ansätze, however, lead to a deviation from the exact slope in the correlation factor at coalescence, and the singularity can removed only in the CBS limit numerically. In the unitary invariant ͑IJKL͒ formulation, the additivity of correlation energy is fulfilled only when we use a fixed set of KL pairs irrespective of the choice of correlated IJ pairs. 
B. Computer implementation
Several approximations have been introduced in practical implementations of explicitly correlated electronic structure theory. The extended Brillouin condition ͑EBC͒ assumes that the Fock operator is closed in the orbital space to simplify Eq. ͑17͒ as
A method with EBC is distinguished by appending an asterisk. It has been discussed that the contribution of P ͑s͒ is negligibly small. 11, 12, 17 Actually, P ͑s͒ vanishes in the standard approximation with EBC. The MP2-F12/A method drops both P ͑s͒ and Q ͑s͒ in Eq. ͑20͒,
while MP2-F12/B retains Q ͑s͒ ,
We also examined the effects of EBC to P ͑s͒ numerically, 
The integrals ͗ab͉͓T 12 , f 12 ͔͉ij͘ can be calculated analytically, while ͗ab͉͓K 12 , f 12 ͔͉ij͘ are actually of three-electron integrals and are expressed in terms of a numerical quadrature as
where
K p ͑r g ͒ are the exchange operators in the physical space,
and p ͑r g ͒ are orbital amplitudes multiplied by the quadrature weight at r g ,
For Q ͑s͒ , we expand Eq. ͑23͒ as 
͑37͒
The last two terms can be calculated by a formula analogous to Eq. ͑33͒, and the first term is 
that requires the integrals over the operator f 12 2 . Nevertheless, it is not necessary to calculate these integrals explicitly in the STG case since the operator is related with the one in the MP2-F12/A method as
The remaining term in Eq. ͑37͒ is divided as
The second term is actually of four-electron integrals in which the first coordinate is shared by the triplicated twoelectron operators, i.e., a couple of f 12 and r 12 −1 in K 1 . These special kind of four-electron integrals can be calculated with QD explicitly as
where we have used the notation ͑s , ij͒ for the coupling corresponding to Eq. ͑11͒. The first term in Eq. ͑40͒ is with different labels in the exchange and projection operators, and the use of QD for both of the two electronic coordinates should be avoided. We first subtract a large amount of the contribution through RI as
The second term of Eq. ͑42͒ is explicitly dealt with as Eq. ͑33͒. The first term is small and approximated by RI,
This approximation converges very quickly due to the small requirement of the maximum angular momentum in the RI basis L occ . The approximation ͑43͒ bears close resemblance with the hybrid RI/ABS approach, 17 though the present method requires at most three-index objects. The error of the hybrid method is at least one order of magnitude smaller than the basis set truncation error, 17 and hence it is justified that the present approximation can be applied safely in the MP2-F12/B methods.
C. Integrals over the Slater-type geminal
As shown in Ref. 21 , all types of integrals involving the Slater-type geminal can be calculated from the special function,
For nonnegative m, G m ͑T , U͒ reduces to F m ͑T͒ for electron repulsion integrals in the limit U → 0. In practice, T ranges from 0 to infinity, while U is nonzero and usually less than a few hundreds with normal diffuse functions and geminal exponent. The partial integration leads to the upward and downward recurrence relations ͑URR and DRR͒,
stable for large T and U, respectively.
For large T, the transformation,
that gives the explicit expressions of G −1 and G 0 in terms of the complementary error function,
͑51͒
The well-known asymptotic formula,
can be used for large 2 . For small T, G m ͑T , U͒ satisfies the differential relation as
and the Maclaurin expansion formula is available,
A wide range of G m ͑0,U͒ in m is needed because the order of the expansion becomes about 60 at T = 10. Equation ͑46͒ reduces to URR and DRR for G m ͑0,U͒,
For U Ͻ 5, we used URR starting with
͑57͒
G m ͑0,U͒ is related with the incomplete gamma function, and that with an arbitrary m for U ജ 5 can be calculated by the continued fraction formula,
It is known that the continued fraction can be calculated efficiently by the recurrences for the denominator and the numerator, and an analogous method for F m ͑T͒ was investigated. 32 One finds that Eqs. ͑55͒ and ͑56͒ are unstable when the magnitude of U is comparable with m. For instance, the substitution of Eq. ͑56͒ into itself,
suggests that there is a significant round-off error at 2U =2m + 3 for large U. Hence, G m *͑0 ,U͒ is calculated by Eq. ͑58͒ for m * = int͑U͒, and necessary functions with smaller and larger m are computed using URR and DRR for accurate G m ͑0,U͒.
The above formulas lead to three schemes from s1 to s3 for G m ͑T , U͒. s1 uses Eqs. ͑48͒ and ͑49͒ along with URR. The error function is related with F 0 ͑T͒, and this scheme is about twice as expensive as the computation of F m ͑T͒ for electron repulsion integrals with the corresponding URR. s2 consists of the Maclaurin expansion ͓Eq. ͑54͔͒ and DRR ͓Eq. ͑46͔͒. DRR is not stable for small U and G m ͑T , U͒ should be calculated by Eq. ͑54͒ for all necessary m. This is s3 and is most expensive. s1 is usually cheaper than s2 especially for large T. In our earlier implementation, the schemes were selected by a rather empirical formula of the parameters, T and U. Here, we minimize the computational cost by employing a couple of look-up tables; one contains the upper bound of m up to which URR works in s1, while the other gives the maximum m where s2 is accurate downward. We used the ranges, 10 −4 ഛ T Ͻ 10 and 10 −4 ഛ U Ͻ 10 3 for the tables, and each digit is discretized into nine equal intervals, as 1 ϫ 10 −4 ,2ϫ 10 −4 ,..., 1ϫ 10 −3 ,2ϫ 10 −3 ,.... For T Ͻ 10 −4 , s3 is selected with the exception of a special case for T =0. In the tabulated range of T, we examine which scheme is optimal using the look-up tables. For 10Ͻ T ഛ 15, s1 is chosen if U ഛ 30 otherwise s2 is used. For 15Ͻ T, s1 suffices for the purpose. In this range, the value of the function becomes very small as U increases indicating that the correlation length of STG is negligibly small in comparison with the separation of orbital products. The present procedure makes about 90% of G m ͑T , U͒ be computed by s1. This is rather effective especially when the computation of G m ͑T , U͒ is the rate-determining step for a basis set without high angular momentum.
III. RESULTS AND DISCUSSIONS
A. Preliminary calculations
r c dependence and cusp conditions
In the previous work, 21 we used a fixed r c based on MP2-F12/ A * ͑SP͒ to avoid a nonlinear optimization of the STG exponent. Nevertheless, the optimum r c can be altered by the inclusion of the Q term in the MP2-F12/B methods, which affects just the component quadratic to f 12 in the Hylleraas energy functional. Figures 1 and 2 show the r c dependence of the valence correlation energy of the Ne atom with aug-cc-pVDZ and aug-cc-pVTZ, respectively. In the aug-ccpVDZ result, the MP2-F12/ A * ͑SP͒ curve underlies the MP2 limit in the range r c = 0.5-1.1 and r c of the minimum is larger than that of MP2-F12/ B͑SP͒. The MP2-F12/ B͑SP͒ energy is very close to the one of MP2-F12/ B͑IJIJ͒ around r c = 0.6. This indicates that STG with the r c is near universal The s-wave only result is much inferior to the full use of the cusp conditions in the depth of the minimum and the insensitivity to r c . The p-wave condition is secondary, that is, the leading term goes as ͑L +1͒ −5 in the partial wave expansion, yet it is rather important actually. Our previous methods with the transcorrelated Hamiltonian [33] [34] [35] can fulfill only the s-wave cusp condition in the correlation factor. Hence, the geminal-based methods appear to be more advantageous though the transcorrelated methods coincide with MP2-F12 in most of the necessary integrals. It should be noted that the MP2-F12/ B͑SP͒ and MP2-F12/ B͑IJIJ͒ curves are very close to each other in a wide range r c = 0.4-0.7 with aug-ccpVTZ. We do not seek for optimum r c for other molecules as such investigation has been already carried out to find the result less sensitive to the STG exponent. 22 Henceforth we use r c =2/3 for all calculations of the F12͑SP͒ and F12͑IJIJ͒ methods. The parameter is slightly smaller than our previous choice based on MP2-F12/ A * ͑SP͒ but would be more optimal for the MP2-F12/B method. In Table II , we compare the energies of the MP2, MP2-R12/2B, MP2-F12/2B, MP2-F12/ B͑SP͒, and MP2-F12/ B͑IJIJ͒ methods for the Ne atom. We calculate all quantities involving two-electron integrals using numerical quadrature from orbital amplitudes, derivatives, and the three-center integrals over the operators, r 1g
The integrals over −ٌ͑ 1 2 f 1g ͒ and −ٌ͑ 1 f 1g ͒ · ٌ͑ 1 f 1g ͒ are linked with objects without a differential operator for STG. 21 The numerical quadrature in the MP2-F12/ B͑SP͒ and MP2-F12/ B͑IJIJ͒ calculations is based on the "ultrafine" grid ͑see the later section͒, and there is no error in the numerical integrations up to the given decimal places. The MP2-R12/2B and MP2-F12/2B energies are taken from Ref. 22 . They are based on the unitary invariant ͑IJKL͒ formulation along with the fitting STG with six-component GTGs. The STG exponent in MP2-F12/2B was optimized in each basis. All of the F12 energies are more accurate than MP2-R12/2B. The MP2-F12/2B and MP2-F12/ B͑IJIJ͒ results are very similar for the atom, while there is a noticeable discrepancy with the aug-cc-pVDZ basis set. This is likely to be due to the somewhat different treatments of four-electron inte- grals and the optimization of the correlation factor. The MP2-F12/ B͑SP͒ energies are slightly higher than those of MP2-F12/2B and MP2-F12/ B͑IJIJ͒ as discussed in the previous section. But we mainly use MP2-F12/ B͑SP͒ as a standard method because of its nice features in Table I .
STG versus GTG fit
Tew and Klopper determined the exponents and coefficients of N-component GTGs to represent STG approximately for N =1-6. 22 In Table III , we show the MP2-F12/ B͑SP͒ energies based on the GTGs along with the ten-component GTG used in the previous work. 21 In all calculations, r c of the reference STG is kept 2 / 3. Figure 3 shows the error of the energy referring to the near MP2 limit −0.3201 E h . Indeed a single GTG ͑N =1͒ lowers the energy with a small basis set such as aug-cc-pVDZ, but the curve merges with the conventional MP2 ͑N =0͒ as cardinal number increases. This deficiency with a large basis is attributed to the difficulty of GTG to describe the cusps that need basis functions with high angular momentum. Nevertheless the augmentation of the expansion of GTG improves the result markedly. Especially the curves with N Ͼ 4 are very close to the analytic Slater ͑N = infinite͒. The result with aug-ccpV6Z indicates that at least N = 3 is needed to make the fitting error less than 1 mE h . Table IV lists timings for the integrals in the N GTG and STG calculations based on the ultrafine grid. The total CPU time for the integrals is given as a sum of the individual value t N plus the timing for the fundamental operation t F , t N,total = t N + t F , for each N. The fundamental operation is the component independent of N and consists mainly of the increments of angular momentum indices and the build of integrals. The present integral code for GTG integrals is coincident with that for STG except for the computation of special functions analogous to G m ͑T , U͒. Thus the rest of t F is linear and quadratic to N to generate the special functions. t F is obtained from the second order polynomial fitting of the timing statistics of all GTG calculations. Although STG does not require the integrals over f 1g 2 , t N for the analytic STG ͑N = infinite͒ corresponds to the time for G m ͑T , U͒ approximately. The CPU time for N = infinite is comparable to that for GTG with N = 3 up to QZ, and the performance increases for larger cardinal numbers. It was shown that N ജ 3 is needed for a satisfactory result in the previous section. Thus the use of analytic STG is advantageous over GTG-fit especially for accurate calculations with an extended basis, even though the fundamental operation gets to dominate the integral evaluation with the size of the basis.
Convergence of numerical integration
The MP2-F12 methods have been implemented into the GELLAN program system 36 recently. In the new implementa- tion, we define "coarse," "medium," "fine," and ultrafine grids based on the polar coordinates as listed in Table V in addition to the option to specify the numbers of radial and angular grid points, n r and n explicitly. The "medium" ͑old͒ is the default grid used in the original F12 program with a different platform. Table VI shows the MP2 and MP2-F12 energies of the different grids with aug-cc-pVXZ for the urea molecule as an example. The optimized geometries are at the MP2/aug-cc-pVTZ level, 37 and are same as used in Ref. 28 . The number of the total grid points is 204 800 for ultrafine after the application of the C2 point group symmetry. The numerical MP2 energies are saturated up to the final decimal places with the fine grid. The MP2-F12 energies seem to converge somewhat slower than numerical MP2, but the difference between the fine and ultrafine grids is small ͑approxi-mately 10 E h ͒. The new choice of the medium grid is therefore considered to give MP2-F12 energies at least more accurate than 0.1 mE h sufficing for ordinary purposes. The new medium grid is smaller than the old one in the radial points but with comparable accuracies. It is noted that the main source of the error in a numerical integration is the deformation of the integrand around an atom by the fuzzy cell. Thus it is expected that the error scales approximately linearly with respect to the number of atoms.
B. Small molecules
We apply the MP2-F12 methods to the selection of the small molecules given in Ref. 12 for comparison with the performance of the linear-r 12 Ansatz. The geometrical parameters optimized at the all-electron correlated CCSD͑T͒/ccpCVQZ level 38 are taken from Ref. 17 . The aug-cc-pVXZ ͑X =D, T, Q, 5, and 6͒ and aug-cc-pCVXZ ͑X =D, T, Q, and 5͒ basis sets are used for valence-shell and all-electron correlated calculations, respectively. The medium grid is employed henceforward in this paper.
The results of the MP2-F12/ A * ͑SP͒, B͑SP͒, and B͑IJIJ͒ methods are listed in Tables VII ͑valence-shell correlated͒ and VIII ͑all-electron correlated͒. The average MP2 recoveries of the results are summarized in percentage in Table IX and are plotted in Fig. 4 ͑valence-shell correlated͒ and Fig. 5 ͑all-electron correlated͒.
As for the valence-shell correlated calculations, MP2-R12/2B with aug-cc-pVDZ gives a result almost equivalent to the conventional MP2 with aug-cc-pVTZ. The situation of R12 methods is improved by the augmentation of basis according to the different convergences of ͑L max +1͒ −3 for MP2 and ͑L max +1͒ −7 for MP2-R12/2B. Furthermore, the MP2-F12 methods increase the accuracy from R12 by the amounts equivalent to increasing the cardinal number by one in the entire range in agreement with the recent observation. 22, 28 It is also noted that the difference between MP2-F12/ B͑SP͒ and MP2-F12/ B͑IJIJ͒ is one order of magnitude smaller than the basis set truncation error. Hence it is quite reasonable to use the MP2-F12/ B͑SP͒ method for valence-shell correlated calculations. As there is a cancellation of the errors from neglecting the exchange commutator and basis set truncation, MP2-F12/ A * ͑SP͒ gives surprisingly better average recoveries ranging from 99.4% to 99.8%. Both errors go as ͑L max +1͒ −5 . However, it is clear that correlation energy is overshot significantly for a small basis set if we use the A * ͑IJIJ͒ Ansatz.
Method System
In the all-electron correlated case, the percentage of the recovery with MP2-R12/2B is better than the valence-shell correlated result in each corresponding cardinal number. The F12 methods certainly lead to a gain over the linear-r 12 though the difference between MP2-F12/ B͑SP͒ and MP2-F12/ B͑IJIJ͒ is non-negligible for the smallest basis set aug-cc-pCVDZ ͑as large as 2.2%͒. The recoveries of the MP2-F12/B methods with this basis are lacking for the amount of MP2-R12/2B with the aug-cc-pCVTZ basis set. Beyond aug-cc-pCVDZ, the augmentation of the core polarization functions mitigates these features to grant a gain of accuracy equivalent to increasing the basis set of the MP2-R12/2B calculation by one cardinal number again.
C. Reaction enthalpies
We investigate the performance of the MP2-F12/B methods on reaction enthalpies for the set of 21 molecules and 16 reactions studied by Manby et al. 26 and Warner and Manby. the present selection of the reactions. At any rate, the maximum errors are reduced by factors of 3-6 from MP2.
IV. CONCLUSION
We have proposed a novel hybrid QD/RI method for the exchange commutator in explicitly correlated MP2-F12 theory. In the method, a certain class of four-electron integrals can be computed explicitly by QD and the others are treated by the partial use of the RI approximation. The method is well suited with the STG correlation factor avoiding the computation of the additional integrals over f 12 2 . For the special function G m ͑T , U͒ required for the STG integrals, there are three different schemes dependent on the variables, T and U, and the order of m. We have maximized the efficiency of the routine for G m ͑T , U͒ by introducing look-up tables to select the optimum scheme for a given set of variables. We concluded that the use of an analytic STG is advantageous based on the comparison with GTG calculations in timing and accuracy.
We also investigated the SP, IJIJ, and IJKL Ansätze theoretically and numerically. The SP Ansatz supplies the unitary invariance that IJIJ misses, retaining the simplicity of the implementation. It was shown that all Ansätze perform almost similarly especially beyond the aug-cc-p͑C͒VDZ basis. MP2-F12/ A * ͑SP͒ generally outperforms MP2-F12/ B͑SP͒ and MP2-F12/ B͑IJIJ͒ for the selection of the molecules and chemical reactions in this work. However, it is likely that the contribution of the exchange commutator is crucial for some energetics. More comprehensive surveys will make this aspect clearer. The model reactions investigated in this work do not include the contribution of coreelectron correlation, which is non-negligible for comparison with experimental data in conjunction with more sophisticated correlation models. Our individual result indicates that the inclusion of core-electron correlation makes the contrast between the MP2 and MP2-F12 methods even clearer.
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